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1. Introduction 


It has recently been pointed out in [1] that the topological string theory on a twistor 
space is associated with an J\f — 4 super Yang-Mills theory. The Maximally-Helicity- 
Violating (MHV) amplitude of the four dimensional J\f — 4 super Yang-Mills theory was 
computed in terms of the topological B-model on a supermanifold CP 3 ' 1 by |l|. This 
surprising correspondence attracts a lot of attention and various works have been done 
in this topic. The MHV amplitudes were analysed in M and non-MHV amplitudes 

"3]. Some further investigations of the gauge 


and googly amplitudes were considered in 

theory amplitudes appeared in [p~o| flTI • Such interesting relations between the super Yang 


Mills theory and the topological string gave rise to several works |p2| p8|. while the string 
theory itself on a twistor space was developed by [|39|-^5|. 

We are interested in also the geometry of super manifolds mm- Topological sigma 
models are useful tools to study geometric properties of the manifolds. In constructing 
topological B-models, the Calabi-Yau condition is necessary. Though ordinary complex 
projective space CP 3 is not a Calabi-Yau manifold, the super twistor space CP 3 ' 4 is a super 
Calabi-Yau manifold |4^] and topological B-model can be realised on this supermanifold 
CP 3 ' 4 . As a concrete example, a twistorial Calabi-Yau supermanifold was considered by 
H^jKj, in which S-duality of topological string was discussed. 

Topological sigma models have rich structures and it has been known that there 
is mirror symmetry of Calabi-Yau manifolds, which is the correspondence between the 
topological A-nrodel and the B-model (for example, see 00 and references therein). The 
mirror symmetry for the supermanifolds was an interesting subject and it was discussed 


m 


The gauged linear sigma model on an ordinary space was studied in |57fl and phases 
of the model were investigated. It has been believed there is correspondence between 
a Calabi-Yau and a Landau-Ginzburg theory, which is interpreted as the phases of this 
gauged linear sigma model. If a Fayet-Iliopoulos (FI) parameter r becomes sufficiently 
large, the linear sigma model is reduced to the nonlinear sigma model on a Calabi-Yau 
manifold. On the other hand, for rCO, the linear sigma model is reduced to a Landau- 
Ginzburg theory. This correspondence is understood as a kind of mirror symmetry. We 
expect that such correspondence governed by the FI parameter will be found in the gauged 
linear sigma model on a supermanifold. 

D-branes in the topological string theory were considered in HASH and there exist A- 
branes (B-branes) in the topological A-model (B-model). Since the D-branes are provided 
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by the boundaries of open strings, the D-branes in the topological theory were derived 
from the analysis of boundary conditions preserving some supersymmetry. The gauged 
linear sigma model is useful tool to understand such D-branes [^9| , |60|| . We are now in¬ 
terested in the D-branes embedded in the supermanifold, which will be derived from the 
supersymmetric boundary conditions in a gauged linear sigma model on the supermanifold. 

In this paper, we shall consider a gauged linear sigma model on CP m-1 ^\ In section 
2, we construct the Lagrangian of the U( 1) gauged linear sigma model on this manifold. 
Here fermionic chiral superfields are introduced, whose lowest components are Grassmann 
odd fields. In section 3, the structure of the classical vacua of this model is analysed. Then 
we compute the one-loop correction to the D-field in order to study quantum effects and 
discuss relations to the Ricci flatness condition for CP m_1 ^ n . In section 4, we concentrate 
on open string sectors. Here we discuss the A-type and the B-type boundary conditions 
and show the existence of A-branes and B-branes. They are realisations of supersymmetric 
boundary conditions. In section 5, we consider two extensions of the 1/(1) gauged linear 
sigma model. One is the non-abelian gauged linear sigma model and the other is the model 
with (0, 2) supersymmetry. Section 6 is devoted to conclusions. 


2. U(l) gauged linear sigma model 


We want to construct a gauged linear sigma model on a supermanifold. Here we 
consider a 1/(1) gauge group for simplicity. Let us begin writing down the notations 
following 00- The supercoordinates of the world-sheet are denoted by ( Xq,X \, 9 ± , 9 ± ). 
We set the metric of the world-sheet to be r/ t? = diag(—1, +1). The differential operators 
are 


r\ r\ 

D + = ~iQ + (d 0 + <9i), D- = - id (d 0 -<9i), 

r\ r\ 

D + =-— + i0 + (d o + <9i), D_ =-— + i9~(8 0 - <9i), 

86 86 


( 2 . 1 ) 


and the super charges are defined: 


r\ r\ 

Q+ = QQ+ +i6 + (8 0 + di), Q- = — + id (do-di), 

Q+ = —zr - i6 + (8 0 + <9i), Q_ = —^ - id~(8 0 - di). 
89 89 


( 2 . 2 ) 
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We introduce two types of chiral superfields, namely, a bosonic chiral superfield and a 
new fermionic chiral superfield [jl|. Firstly an ordinary bosonic chiral superfield is defined 
by D& = 0 and is described in terms of component fields as 

$ = </> + V2(6 + 'iIj + + e~^-) + 2 6+0-F 

- ie~e~(d 0 - <9i )<f> - i6+6 + (d 0 + di)</> - 0 + 0 - 0 + (0, jj - d() 4 > (2.3) 

- iV2d + e~6~(d 0 - 8^+ + iV29 + e~e + (d 0 + 0i)v>_. 

Here <f> and F are bosons, while and are fermions. Secondly we can define an 
anti-chiral superfield by /FI> = 0. It is hermitian conjugate of the chiral superfield and is 
written as 

$ = 0 - y/2(jti> + + + 2 9~9 + F 

+ i9~9~(d 0 - d 1 )0 + i9+9 + (d o + 0^0 - 9 + 9~9~9 + (d% - d\)^> (2.4) 

- iV29~9~9 + (d 0 - d 1 )^ + + iV29 + 9~0 + (d o + 0i)^_. 


In the following sections, the lowest components 0’s (0’s) of chiral (anti-chiral) superfields 
are interpreted as bosonic coordinates of the target space. In the case of the supermanifold, 
we should introduce fermionic chiral superfields whose lowest components are Grassmann 
odd fields, namely, these lowest components describe the anti-commutative coordinates of 
the supermanifold. 

In the same way, we can define the fermionic chiral superfield in component expansion: 

E = £ + V2(9+b+ + 9~b-) + 2 9+9~ x 

- i9~9~(d 0 - <9i)£ - i9 + 9 + (d 0 + 0i)f - 9 + 9~9~9 + (d$ - df)C (2.5) 

- iV29 + 9~9~(d 0 - d 1 )b+ + iV29 + 9~9 + (d 0 + 0i)&_. 

£ and x are Grassmann odd, while l> + and b- are Grassmann even. So this chiral su¬ 
perfield behaves totally as a Grassmann odd superfield. The anti-chiral superfield is then 
represented by 

E = e + V2(9 + b+ + Tb _) + 2 9~9 + x 

+ *0-0"(0 O - 3i)? + i9+9 + (d 0 + 00? - 9 + 9~9~9 + {d 2 0 - 0?)? (2.6) 

+ iy/29~9~9 + (do - 0i)6+ - iV29 + 9~9 + (d 0 + d x )&_. 


Note that the signs in front of some components in the fermionic anti-chiral superfield 


|) are opposite to the corresponding components in the bosonic one (|2.4|). For example, 
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compare the second term — \/2 9 + iJj + on the right hand side in (|2.4|) with +y/2 9 + b + in 


'+ 

( |2.6| ). The conjugate of 0 + V , + is — 9 because 9 and i/j are anti-commutative. On the 
other hand, since 6+ is a bosonic component, 0 and 6+ can commute with each other and 
the conjugate of 6 + b + becomes +9 + b + . 

We shall take m bosonic and n fermionic coordinates and consider an (m|n)- 
dimensional supermanifold. Since these coordinates are regarded as the lowest compo¬ 
nents of chiral superfields, we introduce m bosonic chiral superfields and n fermionic chiral 
superfields, 

(1 = 1,2, ■■■,m), S A (a;), (A = 1, 2, • • •, n). 


To construct a projective supermanifold, we consider the 17(1) gauge theory by intro¬ 
ducing an abelian vector superfield V. By the use of component fields, the vector superfield 
is described in the Wess-Zumino gauge, 


V — — V20 9 + a — V^9 + 9 cr + 9 9 (vq — Vi) + 9 + 9 + (vo + v\) 

- 2i0 + 0-(e + \ + + » a ; - 2iTe*(e + \ + + e~\-) + 2 e+e-Te + D. 


(2.7) 


This superfield contains the auxiliary held D which plays an important role in discussing 
vacua of the theory. We then assign 17(1) charges Qi to and qA to E A . 

Now let us write down the Lagrangian of J\f — (2, 2) gauged linear sigma model on 
the (to — l|n)-dimensional target space. The Lagrangian consists of four parts, which are 
the kinetic part of chiral superfields Lkm, Ibe kinetic part of gauge fields L gauge , the FI 
term with the theta parameter L^ q and the superpotential term Lyy. Then the total 
Lagrangian is the sum of these parts, 


L — Lkin T L gauge + Ld e + L 


w- 


( 2 . 8 ) 


Firstly we study the kinetic part of the chiral superfields. The Lagrangian for these 
chiral superfields consists of two parts given by 


-bkin -bkin "b -^kirO 


(2.9) 


where Lj) in and L^ in are the Lagrangians for the bosonic chiral superfields T 7 and for 


^kin 

"A 


the fermionic ones E' respectively. In the gauged linear sigma model in two dimensions, 


the kinetic part of the Lagrangian of bosonic chiral superhelds Lj) m is well known [57 . 
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Calculating L b kin = / d 2 9d 2 9 by the use of Q, 0 and 0, we 

obtain the expression in terms of component fields 


hin = E 
7 L 
—7 


Dot 1 Do^ - D^D^ 1 +ii/>l(D 0 +Di)^£ + *Vi(A) - ^i)V>i 


+ 7(c ) "0-'0+ + aV’+V’-) — iVZQifi 1 (ipL\+ - ^iA-) 


—7 


—7 


( 2 . 10 ) 


iV^Q70 7 (A_i4 - A+V'l) + (Q 7 -D - 2 Qjaa)^ 1 (j) 


—1 


where D t and Dj (j = 0,1) are covariant derivatives described as D, = <9 ;/ + iQiVj and 
— <9j — iQiVj. 

In the same way, we can define the Lagrangian for the fermionic chiral superfields E"': 


/ n 

d 2 9d 2 9 J2 Z A e 2qAV Z A . 

A =1 


Substituting (|2.5|) , ( |2.6i ) and ( |2.7|) into this equation, the Lagrangian for E A becomes 


W = E 


A 


D 0 £ A D 0 £ a - D^ A D^ a + ibt(Do + D 1 )b A + ib A (D 0 - D,)b A 


+ X A X A - V2q A (ab A b A + ab A b A ) + iV2q A £ A (b A \ + - b A \-) ( 2 - n ) 

- iV2q A £ A (\-b A - A + b A ) + ( q A D - 2q 2 A aa)£ A 


with Dj — dj + iq A Vj and Dj — dj — iq A Vj. We should note that the spin of £ is equal to 
zero though £ is a Grassmann odd field. In this paper, the word “ fermionic” often means 
merely Grassmann odd. 

Secondly we write down the kinetic part of the gauge fields [|57|. For this purpose, 
it is useful to define field strength E of the vector superfield as E = (l/\/2)D + D-V. In 
component expansion, it is represented as 

E = a + iV29 + X + — iV29 A_ + V29 + 9 (D — ivoi) + i9~9 (do — d\)a 
- i9 + 9 + (d 0 + d 1 )a - V29 + 9~9~(d 0 - <9i)A+ + y/29+9~9 + (d 0 + di)A_ 

+ 9+9~9~9 + (d^-df)a, 

with t’oi = doVi — d±Vo- This field strength is the twisted chiral superfield and the kinetic 
part of the gauge fields is denoted by 

L gauge — — ^2 

= (^2 t, ° l2 2^ 2 — ^ 1 )^+ *A_(<9q + di)X- — dicrd'cr'j , (2.12) 


J d 4 9 EE 
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where e is a gauge coupling constant. 

Thirdly we can introduce the FI term with the theta parameter in the supersymmetric 
theory fl57|. In terms of t — ir + 9/ (27r), the Lagrangian Lo,e becomes 


Ld,9 


it 


it 


j dour E | fl _ =r=0 -^= ) do-dtn | fl+=r=0 

9 


= -rD + — v 0 i- 

Z7T 


(2.13) 


r is called the FI parameter. Note that the theta angle 6 has periodicity of 27r in physics 

Hi- 

Next we turn to the superpotential terms constructed by the use of holomorphic 
polynomials IF($, H) of the chiral superfields. The Lagrangian Lw is described as 


Lw — 


IJ de-de+w(*,E)\ r ^,_ 0 -y 


d9 + d0 W($,S) 


6»+=e-=o' 


(2.14) 


When the superpotential includes only bosonic chiral superfields, derivatives with respect 
to only <fi and 4> appear [p7|jTT1| . On the other hand, we have to pay attention to derivatives 
with respect to Grassmann odd variables. When we exchange Grassmann odd variables 
one another, there appear extra signs. From now on, we use only left derivatives for 
Grassmann odd variables. For example, if the superpotential is a monomial of E A with 


degree p, W($, S) = E Al E A2 ■ ■ ■ then the Lagrangian is calculated from (|2.14|) 


Lw — 


i j d6~d6 + ( ^(-l ) i_1 2 9 + 9~x Ai i Al ■ ■ ■ ...£ a p 

\i =1 

+ ^2(-l) i+:i - 1 29 + e-(b Ai b^ - b Ai b^)^ Al ■ ■ ■ C Ai ~^ Ai+1 ■ ■ ■ C Aj ~^ Aj+1 ■ ■ ■ C 

i<j 

J 'i=1 

+ Y^{~L) i+j ~ 1 2l Ap ■ ..^ Aj+1 ^ Aj ~ 1 . .-l Ai+1 l J ^~^ . ..g^Q 0 ' (b+fC - bTb+’) 




i<j 


d 


- (E v 4 * jjL-T 1 - ■ ■ c 4 -) + E b - b + J*. Ja. (( Al ■■■( Ar ) 


- a S' 


i,j=l 

V 


di A * di j 


E v 4 * 4-(G - - - rV E b + b - 4 a- 4a- (G ■■■?') I- 


kI =1 


dH 


i,j =1 
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If we use only left derivatives for the super potential of fermionic chiral superfields, we can 
apply the same notation as the bosonic case [^7||. In the same way, we can evaluate ( |2.14| ) 
for the general superpotential 


L w — ~ 


ocp 1 i 


+ £ x a8 -^ + £- £ W W - 


dcf ) 1 dcj) J 


UubS^W(M 


A ,S 2 W(4>,i) 


<% 


A,B 


I,A 


8^8^ 


+ ( •£ i F , 9w( j® + YF'F 1 - a2H/(M) 


+£* 

A 


i d<t> 

A dw(M) 


I,J 


dcf ) 1 8 cf) J 


on 


\^l a tb8 2 W (</>,£) VW “ 7 z A -i T A^d 2 W(&a) 
+ 2 ^ b + b - -=a~=b - 2 JV >+&- ” 


A,B 


8a A 8a B 


BA 


8(f) 1 8 a A 


(2.15) 

This Lagrangian provides the interaction terms between the Grassmann even field 0 and 
the Grassmann odd one £ From the viewpoint of the target space geometry, such terms 
are associated with a subsupermanifold embedded in the target supermanifold. 


3. Phases of classical vacuum and one-loop correction 

The structure of the classical vacua of the gauged linear sigma model on the ordinary 
bosonic manifold was considered in |T7|. This model has two phases. One phase is the 
sigma model on Calabi-Yau hypersurfaces in complex projective space for the FI parameter 
r 0. The other is the Landau-Ginzburg theory for rCO. 

In this section, we study the structure of the classical vacua of the 17(1) gauged linear 
sigma model on the supermanifold. In discussing the vacua, the potential energy of the 
dynamical fields <f> and £ is important. We can see this potential from the Lagrangian ( |2.<j| ) 
and it is described as 

u = £rV + £W + 2M 2 (£q?|^| 2 + £d?V) + ( 3 . 1 ) 

Since F. y and D are auxiliary fields, we can integrate out them in terms of the equations 
of motion: 


D = 

-e 2 ( y^Q/i^i 2 + ^qAa A a A -r), 

(3.2 a) 

—/ 

v I A ' 

8 W r 8W 

(3.26) 

F = 

d* 1 ’ d- 4, 1 ’ 

x A = 

8 W A 8W 

6 t A ' X ~ gf 

(3.2c) 
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( P-26|) implies that the superpotential W should be Grassmann even because F and </> 
are Grassmann even. This condition is consistent with ( |3.2rj) ; if the superpotential is 
Grassmann odd, the sigma model might be ill-defined. Substituting ( |3.2|) into ( |3.1|) , the 
potential energy including only 0, £ and a is written as 


\ ^ d\V d\V \ ^ d\V d\V . . o (\ ^ ± 1 1 2 \ ^ 9 /-/ 

U= ^ww + Vw^ + 2 '°'(V QM ' + ^ e 


a 


+ Y ( ^2 QiW? + ^ <?a£ - 


(3.3) 


Let us now analyse the structure of the classical vacua U — 0. 

As a first example, we shall consider the case without superpotential. In such a case, 
the potential U is evaluated as 


U = 2|cr| 


^2 q 2 m j \ 2 + 


7=1 


A=1 


e 2 

+ y 


m 

E 

7=1 


< 57|</> j | 2 + > ' qaCZ 


n 


^Ga 


A— 1 


In order for this potential to vanish, we have to impose cr = 0 and 

+ 5^9a^V 4 ~r = 0. (3.4) 

V 6 J I A 


This equation is usually called the D-flatness condition. For r»0, there should be positive 
charges in Qj or q a- For simplicity we set the model with the positive charges Q 7 , qA > 0 
for all I and A. Then the condition ( |3.4|) for vacua represents the weighted projective 


space WCP™ Q , „ „ v 

Next we shall consider another example. We introduce a neutral chiral superfield 
P with Qp — 0 and set the super potential W — P ■ G($, H). Here G is a transversal 
homogeneous polynomial in the same way as |E7[. Then the potential U is written as 


TT . l2 /^ dG OG ^ dG dG . ,_ l2 

u=lp '\Ew^ + Lw^ ]+]G] 


+ 2 l cr l' (X]1” + £ a ) + -77 (£ 


7=1 


a=i 


-A 


7=1 


A=1 


(3.5) 


In order for this potential to vanish, we have to impose the D-flatness condition ( |3.4| ). By 
the same analysis in the previous example, for r 0 there should be positive charges in Qj 
or qA and we then take the positive charges Qp qA > 0 for all I and A. If p ^ 0, dG/dcj) 1 








and dG/d£ A must vanish simultaneously. Then all 0 T and £ A become zero because of the 
transversality of the superpotential and the D-flatness condition is not satisfied. So the 
conditions for the potential energy ( |3.5|) to vanish are realised as 

^QiW\ 2 + ~ r = 0, cr = 0, p = 0, G = 0. 

I A 


1)771 —11 n 


They represent the hypersurface G = 0 in WCP^ 

Another intriguing example is the model in which the superpotential kF($,S) is fac¬ 
torized as kF($,£) = W&(<I?)W/(H). Here H4($) and IF/(S) are respectively transversal 
homogeneous polynomials of $ and S. In order for the last term in ( |3.3| ) to vanish, we 
should take the D-flatness condition ( |3.4| ). 

Firstly we consider the case r 0. Since there should be positive charges in Qj or 
qA in order for ( |3.4| ) to be satisfied, we consider the case that all the charges Qr and qa 
are positive. From (|3]3|) and ( |3.4|) , the conditions for the potential energy are described as 


cr = 0, 


w ^ d -W =°- 




(3.6) 


If dWb/dcj) 1 and dWf/d^ A vanish simultaneously, all & T and £ A become zero on account 
of transversality of the superpotential. Then the D-flatness condition (|3.4|) is not satisfied 


for r 0. Hence the solutions of the constraints (3.0) is classified into the following three 
cases: 

I. Wb = 0, Wf — 0 

Since there are the U( 1) gauge symmetry, (f) 1 —> e l Q ia (f) 1 and £' 4 —* e z< Ma£.4^ an( j /^g 
symmetry under the scaling by r in ( |3.4|) , we can take the identification denoted by 


( 0 1 ,0 2 , • • ■, ■ ■ •, n ~ (x Qi ^w Q ^ 2 , ■ • •, x Qm <r\^\ a^ 2 , • • •, x^n, 


where A e C x . In other words, the vacuum manifold becomes the super weighted 
complex projective space WCPj^ g” g ^ q ^ q y The theory is reduced to the 
sigma model on the surface given by the equations Wb — 0 and Wf = 0 in this 


super manifold WCP^g™ q 

II. = 0, Wf — 0 

On account of the transversality of the superpotential IF/, the equation dWf/d£ A = 0 
leads to ^ A — 0 for all A. On the other hand, the bosonic fields (j ) 1 's live on the surface 
defined by YliQifi (f) 1 — r. The U(l) gauge symmetry is then completely broken in 


m | Ql iQ2 >* * ‘ ■)Q.n) 
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general. But the vacua may have residual gauge symmetry in specific cases. For 
example, if all the charges of the fermionic fields £ A 's have the same value, that 
is, qi = qi = • • • = q m = q, there exists the residual 7L q symmetry described as 
(p 1 —> e 2ni Q I / q (j) 1 . As a result, this theory is reduced to the ordinary (bosonic) 7L q 
orbifold. This phase is just an analogue of the Landau-Ginzburg orbifold derived 
from the ordinary CP m_1 model in |57[ . 

III. = 0, w b = o 

In this sector, a new feature appears. By the transversality of the superpotential W b , 
the only solution of dWh/dcf) 1 — 0 is (j) 1 — 0 for all / and (|3.4|) becomes ^2 A qa £ £ A — 
r. It means the sigma model leads to the theory on the quadratic surface given by 
Xm £, A = r in the purely fermionic manifold. When we set Q\ = Qi = • • • = 
Q m = Q, the original 17(1) symmetry is reduced to Zq symmetry in the same way as 
the case II and the target space can be regarded as Zq orbifold. 

From the vacuum structures in the cases II and III, there might be a transition between 
the models on the bosonic and the fermionic manifolds. 

Next we consider the case r<0. Since some charges in Qj and cp\ should be negative 
from (fOp. we assume that all charges are negative, Qi,qA < 0, for simplicity. We can 
then find the solutions for U — 0 expressed by the equations ( |3.6| ) . By the same analysis 
as the r 0 case, there are three kinds of solutions for ([■> . ti|) : the theory on the surface 


W b = 0 = Wf in the super weighted projective space WCP 


,m—l\n 


—I 


(Q1 ,Q2,-":Q m | Ql iQ.2 ? ’ ‘ ‘ iQn ) ? 


the 


theory on the quadratic surface Qirf* (j) 1 — r in the ordinary Grassmann even manifold 
and the theory on the quadratic surface Y2 a ( i A ^ s — r i n the manifold with only the 
Grassmann odd coordinates. 

In the above analyses, the flip of the sign of FI parameter r is synonymous with the 
flip of the sign of all 17(1) charges. At any rate, in response to the conditions for the 
superpotential, there are the three kinds of classical vacua; the supermanifold WCP, the 
pure bosonic manifold and the pure fermionic manifold for this simple example. 


3.1. one-loop correction 

The D-flatness condition ( |3.4| ) has played an important role in studying classical vacua 
in the previous discussion. The sigma model receives quantum corrections and we should 
analyse quantum properties of the associated vacua. Now we study the one-loop correction 
to the D-field. The expectation value of the D-field diverges on account of the correction 
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induced by the one-loop diagrams of the fields d> and £. From the Lagrangian ( 2.1 0|) , we 
can calculate the one-loop correction by (f) as 


D\ 


bos. 


7, 


loop 




cl 2 k 


(2n) 2 k 2 + 2Q 2 aa An 


I log 


k 


2 Qjaa 


(3.7) 


where fi is a cut-off parameter. For the purely bosonic manifold [p7j |62[| , the condition for 
the one-loop divergence to vanish is Qi = 0- For example, the model with the charges 

(1, 1, • • •, 1, — m + 1) was considered in |57||)2f . On the other hand, the sum YlT=i Qi f° r 
the weighted projective space WCP”g~ 1 g 2 ... g ^ is not vanishing and the associated model 
is not scale-invariant. Since the first Chern class of this manifold is proportional to the 
sum i Q T ■ the scale invariance means the Calabi-Yau condition for the manifold. For 
example, the projective space CP m-1 (= WCP™^ 1 .. is not a Calabi-Yau manifold. 

Next let us see the Grassnrann odd fields. The one-loop correction of the Grassnrann 
odd fields C, A to the expectation value (—D/e 2 ) becomes 


D 


fer. 


1-loop 


5 >/ 

A J 


d 2 k 


1 


(27t) 2 k 2 + 2 q\aa An 


-z:E^ lo s 


k 


2 qiaa 


(3.8) 


Note that it is different from the one-loop result of the bosonic field </> because the Grass- 
mann odd field £ leads to an extra —1 factor. 

The total one-loop correction by the dynamical scalar fields <p and £ is expressed as 
the sum of ( |3.7|) and (|3.8|), 


e 2 / 


= 4^(E < ?'-E« 21 ) 1o S^ 

1-loop A7r \ I A 


1 

471 


(3.9) 


Y Qi lo g ( 2 Qk<r) - Y qA l °g( 2< lAi> a ) 

-I A 

From this equation, it turns out the one-loop divergence vanishes in the situation; 

m n 

= ( 3 - 10 ) 


i=i 


A=1 


If all the charges are positive for the purely bosonic manifold, /D f Qi does not vanish. But, 
for the supermanifold, the cancellation between the bosonic and the fermionic sectors can 
be established even if all the charges Qi and q,\ are positive. 
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Here we shall consider an example. In our sigma model, the U( 1) symmetry and the 
rescaling of r provide the identification, 




(3.11) 


lln 


This leads the target space to the super weighted projective space WCP, n n , v 

If Qi = qa — 1 for all I and A. this target space is reduced to the super complex projective 
space CP m_1 l n . The condition ( 3.10 ) then becomes m — n — 0 and it is consistent with the 


Calabi-Yau condition for the supermanifold shown in |4j|| . Namely CP m m is the Calabi- 


Yau supermanifold and in this case the one-loop correction ( [>.9| ) is equal to zero. The 
Calabi-Yau condition is important in constructing topological theories. Recent progress 
on the twistor space was started with the topological B-model on Calabi-Yau CP 3 ^ 4 in [ll]]. 

We return to the expression of the corrected D-held and show that the one-loop 
correction is absorbed by the FI parameter. We introduce the effective FI parameter r,,{\ 
as 






5>-5>)log ■ 


22 Qi 1 o § \Qi\ + 22 qA log 


QA\ 


I A ' v I 1 I A 

and the one-loop corrected D-£eld from ( |3.2r/|) and ( |379| ) is then described as 


(3.12) 


D 


^QAfi 1 ] 2 + 22 qA ^ £ A - 


r e ff- 


For the Calabi-Yau Qp m_1 l TO ^ ( \>. 1 2| ) means that r e ^ is equal to the bare r and is inde¬ 
pendent of a. For the case of Qj — qA ^ 0, r e ff absorbs the one-loop correction 
depending on the cut-off parameter and then becomes the function of a. 

Now let us study the relation to the dual theory proposed by ||8],|53|]. The FI parameter 
and the theta parameter are combined into the parameter t, which appears in the twisted 
superpotential W(T,) — with t — ir + Q/(2ir), 

it 


Ld,o — 


2^2 


d6 + d0 S + (h.c.). 


By considering the modihed r e ff, we can obtain the corrected twisted superpotential 

IReff(S) 


Weff(S) = 


2 v / 2 


• + 1 1 ( 1 ^ Y^ 1 (V^Qa'E 

^ log ^__ j + _ ^ ! 0g ^__ 


12 
























Here we evaluated the loop-correction of this potential, but there is a dual mirror theory 

m 


. When one introduces twisted (bosonic) chiral superfields Yj — Ya — — 


and pairs of fermionic fields t\a and x A ■ the corresponding twisted superpotential is defined 


as 


^ = £(£Qm-2>y.4 + ii) + -x;-=e 


1 ' " ^_ c -2 nYj + J_ 


2 tt 


V_ e -2ivY A 


V2 


where Ya = Ya + VaXa ■ By integrating Yj. Y a- rj a and xa, the same effective potential 
W c ff is recovered. 

Next we shall take the extension of the gauge group to U(1) N — ®a=\U(l) a by 
introducing N gauge fields V a (its field strength E a ) (a — 1, 2, ■ • ■, N) with gauge couplings 
e a . Matter parts consist of bosonic chiral superfields <f> ia (/ = 1,2, • ■ •, m) and fermionic 
chiral superfields E Aa {A — 1, 2, • • ■, n). The associated U( l) a (a = 1, 2, • ■ •, N ) charges 
of these fields are defined as Qi a for & Ia and qA a f° r ^ Aa ■ The full action then can be 
written down as 


T — Tkin + Tjd n + -kgauge + LD,0 + L W , 

N m 


N n 


/ ± V I I b n 1 Y IV 

d 2 0d 2 eJ2Y,Ye 2Q '- v -< f'“, hi„ = J d 2 ed 2 eJ2Y.~ 


^ Aa e 2q AaVa^Aa 


a= 1 1=1 


a=1A=1 


N 


J gauge 


a= 1 “ 


N 


Ln a — 


it r , 


'“•"-giTl 


I d 4 d E a E a , 
dd+dT E 


N 


itr 


77 + 


d6~dO + Yr 


L w = ~ I d9~d9 + W($,Z) 


9 =0r=O S 2v/ 2 

W»- = „ - \ f dtdTW^M) 


I e+=e =o’ 


e+=e-=o • 


t a — ir a + ^«/(27r) (a = 1,2,---,iV) is the FI parameter associated with 17(l) a gauge 
symmetry. By doing the same analyses as the U( 1) case, we can obtain D-fields D a ’s and 
their one-loop corrections 


D a = ~el ( Qla YX" + J2 dAaX‘X a ~ 


-rAa 


a — 1, 2, • • •, IV, 


Dr 


a / 1-loop 


— XI Q/a log 




2Q 


Ja^o^a 


ly 

47T 


log 


Ad 


2 QAa a a(ra 
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These lead us to corrected FI parameters r e ff ja (a = 1, 2, • • •, N), and induce twisted 
superpotential VF e ff(E), 


N i r i 

WeflKS) = ^2 2^71^“ ita - 2?r ^ 

a=l V L / 


log 


VZQla'^c 


+ ^5T-4« 1o s 


V^QAa^c 


In order to turn a dual mirror theory, we introduce twisted (bosonic) chiral superfields 
Yj a — $ /a $- r “, Y Aa — — E Aa E Aa and pairs of fermionic fields rj Aa and XAa■ The corre¬ 
sponding twisted superpotential in the mirror side is defined as 


N 


a= 1 


w = £ Qla^ la ^ ^ QAaY A a T H a j T 


I A 

where Y Aa = Y Aa + r] Aa x Aa - 


2tt ^ y/2 
1 ,a 


E _V_ -2nY Ia , I 1 „-2ti -Y Aa 

./o ^9-rrZ^ 


A, a 


V2 


4. Supersymmetric boundary condition 

D-branes are realised as the boundaries of open strings and preserve some supersym¬ 
metry. We can find the D-branes in the sigma model by considering the world-sheet with 
boundaries. 

We shall write down the supersymmetric transformations. By the use of the super 
charges ( (2.2| j , the generator of the supersymmetric transformation is denoted by 

5 — e_| -Q— — e_<5_|_ — e_| ~Q_ e—Q+. (4-1) 

The transformations for the vector superfield are written in the component fields ( p.7|) by 

m 


5a — — A + + e+A_), (4.2a) 

5a — —iV 2(e + A_ + e_A + ), (4.26) 

d(u 0 — fi) = 2i(e_A_ + e_A_), (4.2c) 

5(vq + Vi) — 2f(e_|_A_)_ + 6_|_A_|_), (4.2d) 

5D = e_|_(<9o — <9 i)A + + e_(do + <9 i)A_ — e + (<9o — $i)A+ — e_(<9o + <9i)A_, (4.2e) 

5X+ = V2e-(d 0 + d^a - e + (v 01 - iD ), (4.2/) 

5 A- = V / 2e_|_(d 0 - di)a + e_(u 0 i +iD), (4.2#) 

5A + = V2l-(d 0 + di )a — e+(u 0 i + iD), (4.2 h) 

5X- — V2e + (do — di)a + e_(uoi — iD). (4.2 i) 
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The transformations for the ordinary bosonic chiral superfield (|2.3|) become 


dcf) 1 = a/ 2(e+V’i - (4.3a) 

8 if>\_ — V^e+F 1 + iV2e.(Do + Difcp 1 — 2 Qie + a(f> 1 , (4.3 b) 

8 ip[_ — V^e-F 1 — i\/2e + (D 0 — Difcf) 1 + 2 Qil-crcj) 1 , (4.3c) 

SF 1 = -iV2e + (D 0 - Di)^i - iV2e-(D 0 + Di)i(jL 

+ 2Q I (e + o : 'if’ 1 _ + e-aif>() — 2iQi(e + X- — e_A +)(f> 1 , (4.3d) 

while the bosonic anti-chiral superfield ( |2.4|) are transformed as 

8(f) 1 = -V2(e + 'ijj I _ - e-V’+Z (4.4a) 

6/ 7 = V2I+F 1 - iV2e_ (D 0 + Dxjfi - 2 Q I e+aJ I , (4.46) 

= V2I.F 1 + iV2e+(D 0 - D O/ + 2Q 7 e_cf/, (4.4c) 

TF 7 = -zV^e+^o-Di)^ 7 -iV^e_(D 0 + Di)^ 

— 2Qi(e + a'i/j I _ + e_<x0+) — 2iQj(e + X- — e_A +)</> 7 . (4.4d) 


We also calculate the supersymmetric transformations for the fermionic chiral superfield 


8£ a — a/2(c-). 6/ — e_6 A ), (4.5a) 

66+ = A/2e + x A + iV2l- (D 0 + £>i)£ a - 2g A e + a£ A , (4.56) 

66/ = v^e-X" 4 - i\/2e + (F> 0 - F>i)£ a + 2 q A I-a^ A , (4.5c) 

S X A = -zA/2e + (T> 0 - D t )b A - iV2e-(D 0 + D x )b A 

+ 2q A (l + ab A + e_a6+) - 2i<? A (e + A_ - e_A + )£ A . (4.5d) 


These are the analogues of the bosonic chiral superfield (|4.3|). The supersymmetric trans¬ 


formations for the fermionic anti-chiral superfield ( |2.6| ) are given by 

6 £ — v / 2(e+6_ — e_6 + ), (4.6a) 

66 + = - V2e + x A + iV2e-(D 0 + Di)£ A + 2q A e + a^ A , (4.66) 

8T) A = - V2l-X A - iV2e + (D 0 - Di)£ A - 2q A e-a^ A , (4.6c) 

Sx A = iV2e+(D 0 - D x ) 6 + + iV2e- (D 0 + Djbt 

+ 2q A (e + ab A + e_a6+) - 2iq A (e + X- - c_A+)£ j4 . (4.6d) 
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In this calculation, we should note that, though the transformations ( |4.6|) are the analogues 
of the ones (fO|) for the bosonic anti-chiral field, some signs in ( |4.6| ) are different from the 


ones in (|4.4|). It originates in whether the component fields are commutative or anti- 


commutative. 


Now we consider the world-sheet £ = {(or,ar)|ar > 0} with the boundary denoted 
by <9£ = {(.x°. x l ) |.x* = 0}. After the supersymmetric transformation for the Lagrangian 
Q2.8|) , boundary terms are left on <9£. In order for the theory to preserve the supersym¬ 


metry, it is necessary for the boundary terms to vanish. By using (S3), (El)’ (El) 


and (|4.6|), let us calculate the variation of the Lagrangian (|2.8|) under the supersymmetric 


transformation (|4.1|). The variation of the kinetic term of the bosonic chiral superfield 


becomes 


^ c+(3o - 5i)( —bV’ilAi + Di)4> - —+ L>i)V>i 


„ = £ 


i L 

i —i 


l 2\/2 


2y/2‘ 


—F 1 - + QA+^tj ) 1 

v 2 


+ e-(d 0 + <9i) 
i —i 


1 I /TT TT Ml 1 , 1 r, s.,I 


2 ^+(Do - D i)0 + {D 0 - Di)lf) + 


I , m T A a I 


- -j=^-F + iQA_(j(j) +Qi A_ 

v2 


+ e+(<9 0 - di) 


■ A^I(A> + + A)d_ 


~^='iJj 1 + F I - iQA+crcj) 1 - QiX+^cj) 1 
V 2 


1 , ./ 1 ^ 


+ e_(3 0 + 3iw —=^+(^0 - 


l ,r 


2^2 

—i 


2^2 


AiDo-D^ 


1 ^ \ A j.i 


- i=A-F +iQiij)_<j(l) -QA- 

v2 


(4.7) 
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while that of the fermionic chiral superfield is 


sl L = E 

A 


e+{d 0 - di) 


— 


__ 6 , (B0+D1K + _ 5 {D0+D1)b A 


+ ~J^ b +^ A + + ^A-iTf 4 j 

+ £-(S 0 + - Di)f - ^t(D 0 - Di)6j 

+ -Ji£ ,A -'x A - i lAb A H A + .j,A fV'j 

+ e+(a 0 - + °l){ A - ^^(A, + B06f 

+ ~^ b +X A + "iVT' - 4.4A+77" 4 j 


+ £_(9o + 9,)|-^=6h-Do - -DilC 4 + ^e 4 (Bo - D,)b A 
+ A=b*x A -i<)Ab A oi A -<]A*-( A t; A \ ■ 


(4.8) 


The gauge kinetic term is transformed; 


5L 


gauge — g 2 


e+(<9 0 - <9i)<{ + ^ 1 ) fJ + + < ^ A_ + 2^ + ^oi)A+| 


+ e_(<9 0 + <9i)<{ ~^=X+(d 0 _ + 2vl^^° _ ^ A+ + 2 ^ ~ woi)A_ 

+ e+(a 0 -5i)<j -^=A_(c»o + c)i)a + ^=a(9 0 + c»i)A_ - ^{D - iv 0 i)A+ 

+ e_(9 0 +^i)^ _ ^7f A +^° _ a + 2vl a ^° ~~ ^ A+ ~~ 2^ + ^oi)A_ 


0 


.9) 


The susy variation for the FI and theta angle terms is written down as 


SL Dtd = e+ ( -r + (<9 0 - #i)A + + e_ ^-r - (d 0 + <9i)A_ 

+ e+ ( r + i—^ (<9 q — 9i)A + + e_ — i —^ (<9q + 9i)A_. 


(4.10) 


Using the left derivative for d/dl ; and <9/<9£, we can represent the transformation for the 
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superpotential as 


5L W — i\J2 


e+ido-d,)!^ 


j-i dW (</>, £) 


7 + ^ 




■AdW(<f>,C) 


a d£ 


+ e _ ( a 0 + ar)(E/-^P-E^-^P 

/ s/ v ar 


+ e+(a 0 -9i)( 

^ i 

+ e-(d 0 + d 1 )C s ^'il) 


dcf) 1 


+ET 


a^ 


(4.11) 




d(p 1 


ae 


Following the supersymmetric transformation (|4.1|), we decompose the boundary terms 


induced by the variation of the action S — f E d 2 xL 


as 


SS = — dx°(e+jC + -e-C~-e+C + e_£ ). 
Jd £ 


The components £± and £ = are summarised in appendix A, where the auxiliary fields 
F, x and D are explicitly included. Integrating out these auxiliary fields in terms of the 
equations of motion (|3.2|), we obtain 


(4.12) 


c+ = _Y - i 1 1 


+E 


+ 


2 \/2^“ ^ D ° + Dl ^ ~ ^ D ° + Dl ^- ~ 

+ Djf - T=£(A) + D t )lA - iq A b*of 
i 


2y/2e‘ 


■ (A_(a 0 + ai)a-a(a 0 + ai)A_) -t x+ 


l I dW((/), £) ^p y 


r Ad\Vi0.‘) 


(4.13) 


£_ =E( 1 


2^2 


2^/2 


(f) (D 0 - D i)^| - iQ^Lcrcf) 


E 


1 b$(D 0 - Dili ' - A=£(D 0 - Ih lh'i - uiAlr'F 


2^2 


2\[2 


+ 


1 


2\[2F 


(A+(a 0 - di)a - a(d 0 - ai)A+) - T A_ 


dw ^ i) -J2 ^ a dw{(t) ’ e) 


d<t> 


dt 


(4.14) 
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- E {^/2^-^ D ° + Dl ^ ~ 2^/2 ^ I(<Do + Dl ^~ + i< ^ I ^+ (7 ^ 
+ E (^f~ {Do + Dl) ^ A ~ ^ A (D 0 + D,)t + iq A K^ A ) 


2y/2e‘ 


(X-(d 0 + d 1 )a - a(d 0 +d 1 )X-)-TX + 


+ 


V2\ 


E^ 


idW(<j>,£) 
+ ' 


d(p 1 


+E‘- 

A 


A dw(M 

+ Q^A 


£ = E (^>0 - Dl ^ 1 ~ ^(A, - D ^+ + 

- E (575 Tj +(Do - D^ A - ^jf'(D a - D t )b+ + iqAbtaS*) 

~ ^^( A +^° “ ~ a ( 9 ° ~ ^ X +) ~ TX ~ 
i /V.Ai gjgfoj) , sr hA dw{M \ 

v y 

where T is defined as 


(4.15) 


(4.16) 


T =\ (E <wV+E - r ) + i (B + ■ 

We can consider two types of the supersymmetric boundary conditions. One is called the 
A-type boundary condition, which is defined by 


e + =r]e-, €-=r]e + , 

where 77 = ±1. This boundary condition is then satisfied by 

? 7 £ + + C =0, ij£- + C + — 0 on <9E. (4.17) 

The other is the B-t.ype boundary condition defined by 


e+ =? ? e -i e + = ??e_, 

and the B-type boundary condition is realised when 

r/C + — C~ — 0, r/C + — C =0 on <9E. (4.18) 
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When we look at the fields A±, A±, a and a in ( |4.17|) and ( |4.18|) , we can read the boundary 
conditions for the vector superfield; Dirichlet type on <9E for the A-type boundary. For 
the B-type case, when we switch off the theta parameter 6 = 0, E = E on <9E is obtained. 
Especially these mean A + + ?/A_ = 0 and A_ + r/A + = 0 for the A-type case. On the other 
hand, the B-type case leads us to A + — r] A_ = 0 and A+ — 77 A = 0 with 6 — 0. 

The loci of 4> an d £ satisfying ( [4. 17] ) and ( |4.18| ) are regarded as the A-brane and the 
B-brane respectively. In the ordinary sigma model with only the bosonic chiral superfields, 
such D-branes were analysed in the e 2 —» 00 limit in 


4 -1. e 2 —> 00 limit 

We shall consider the boundary conditions in the e 2 —» 00 limit of the gauged linear 
sigma model on the supermanifold. In this limit, dynamics of fields in the gauge multiplet 
is fixed by equations of motion and this theory is reduced to the nonlinear sigma model, 
so that the geometry of the target space can be analysed. The equations of motion for A± 
and A±, are calculated as 


Y Qi^ 1 ^ 1 - - Y qA ^ Ab - = °> qA ^ Ab += °» 

1 1 

Y Qi^ 1 ^ 1 - - Y qA ^ Ab - = °> qA ^ A K = °- 


(4.19) 


If we introduce £) = Ej Q + Ea Qa£ £ A > the equations of motion for a and a 
are described as 


Ej + Ea QAbtbf E 1 Qi^+^i + Ea q A b + b f 

a — -=-, a = - 


V2K(<P,() 


ViffMA) 


(4.20) 


Substituting these equations into the interaction terms — 2 crcr ^E/ 4* 1 + Ea <?a£ A £ 

in the Lagrangian L{) in + Ljb n , we obtain expression of the interaction terms 


1 


Y + Y QAqBbtb^b+b 1 ^ 

-I,J A,B 


+ Y ® iqA ^-i’+b+b- + 

I, A 
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These terms are the analogues of the four fermi interaction term ip k ip 1 in the non¬ 

linear sigma model on the ordinary bosonic manifold. We can also evaluate the equations 
of motion for the gauge fields vq and v\ in this limit; 


2 voK{(j>,i)=Y,Qi 

i 


- 11 


i (f d 0 (p L - cj) 1 d o0" ) + 'ip I + 'ip I + + V’i V’- 


-A . ~ A 


iU do€ A + € A do€ )+b + b± + b_b A 


, u A u A 


+ u + 

2 vx K (</>,£) if^dxcj) 1 - (j) 1 + V’+V’+ - V’-V’ 


(4.21) 


+ j>a + £ A ^ A )+ b i b i ~ b ~ b ~ 


Now let us consider the A-type and the B-type boundary conditions, which are denoted 
by ( |4.17|) and ( |4. 1 S| ) respectively, in the e 2 —> oo limit. 

A-type boundary condition 


Substituting ( |4.13| ) , ( [4.14Q , ( (4.15Q and (14.161) into ( [4.171) , the A-type boundary condi¬ 
tion is read as 


+ DM 1 + v 4(A) - £>i)0 J ) + ^ (rjb^Do + D 1 )C A - b A (D 0 - 


— , —A —A 


= V2T(X- + 77A+) - i 


, dW —i dW A V- f lA dW t a dW 

T,('A w -^ + —) +Z( b - 7 ^+vb + -=x 


d(j) ’ 






, (4.22a) 


^(-V^+iDo - D 1 )(f > 1 + ^(Do + D 1 )cP I ) + ]T ( V b$(Do - D ± )t - b A (D 0 + £>,)£ 


— X ^-A rrA . 


—V / 2T(A + -f- i] A_) + i 


v—' / j dW —i dW A v—- / 


A dW t a dW A 

’V + *-**) 


(4.226) 


We shall show a simple solution satisfying the A-type boundary condition ( |4.22| ). We 
assume that 011 the boundary <9E 


A + T t] A_ — 0, A_ T 7j A_|_ — 0, (4.23) 

and put the boundary conditions for ip 1 and b A . 

rppL — ?/>+ = 0, r}b^ — 6 + — 0. (4.24) 
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They lead to the constraints for the superpotential on <9E, 


dW 

dcj) 1 


dW 

— = 0 , 

df 


dW dW 


di J 


+ 


d^ A 


= 0 . 


(4.25) 


By the use of Q4.19| ), ( |4.23|) , Q4.24Q and ( |4.25| ), the gauge fields are eliminated from the 
boundary conditions ( [4.22[) and these conditions are reduced to 


^2\-ri^L(d 0 + di)(p -'ip + (d 0 -d 1 )(j) 1 - + 3i)£ -b + (d 0 -d i)£ a = 0,(4.26a) 

I A 

^Ivi’+i.do ~ dx)^ 1 - 'ipLido + di)(p r - ^ W ,A (<9 0 - 0i)f A -b A (d 0 + dt)^ A = 0.(4.266) 


Under the constraint ( |4.24|) , the equations (|4.26| ) can be satisfied by (do+di)(j) = (do~di)4> 
and (<9 q + <9i)£ = (do — <9i)£. Namely, we can take 


<9 0 (3w) = 0, 5i(K0 J )=O, 

for the bosonic coordinates (j) 1 in the target space, and 


a 0 (3p) = o, 9i(*n = o, 


(4.27) 


(4.28) 


for the fermionic coordinates £ A . From ( [4.27] ), the Dirichlet boundary conditions are 
imposed on real m-dimensional boundaries in the complex m-dimensional bosonic part of 
the target supermanifold. This bosonic part of D-brane with half of the dimensions of 
the target manifold should correspond to the A-brane on the Lagrangian submanifold in 
the ordinary sigma model. In the same way, since the Dirichlet boundary conditions are 
imposed on the boundaries with half of the dimensions of the Grassmann odd part of the 
target supermanifold, ( 4.28|) implies the existence of the fermionic A-brane. 

We discussed the simple condition denoted by ( |4.24[) , (|4.25|) , ( |4.27|) and ( |4.28|) . In 
the setting of our model, there are indices of flavours and “A”. If several U( 1) charges 
QA s and qA s have a same value, we can mix the corresponding fields if) 1 and £ A . If we 
put Qi — qA for all I and A, then we can present a more general boundary condition on 
the boundary <9E; 


= Mjip + + F B b + , rjb_ = G A j'i/j + + N A B b + , 


dW 


-M J ! + 


dW 


G A j 


dW 


= 0 , 


dW 


-Fa + 


dW 
7b 


N b a + 


dW 




= 0 , 


dct) J1 ' J Q-g d<p~ " ' di 

do(<j>i — (j)jM J i + XaG A i) — 0, di (cpi + 4>jM J i — Ca^ A i) = 0, 
d Q (U + JjF J A - I b N b a ) = 0, dxiU - 0 jF J A + l B N B A ) = 0. 
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M and N are Grassmann even, while F and G are Grassmann odd. The previous discussion 
corresponds to the case with M 1 j — 5 1 j, N A b — 5 A b and F 1 b = G A j = 0 . 

B-type boundary condition 


First we consider B-type boundary conditions with the theta parameter 6 — 0. By the 
use of ( |4.13| ), ( |4.14|) , ( |4.15|) and ( |4 .1 6|) , the B-type boundary conditions (fFT^) are rewritten 
in the e 2 —> oo limit, 


A 


Y ( Vi’ 1 - (Do + D 1 + A+ (Do - D t ) + Y ( - V b A (Do + ^t -b A (Do-D^t 

(4.29a) 

J2(-V^-(D 0 + D^ 1 - ^ + ( D o - D i)0 7 ) + Y,{vb-(D 0 + D 1 )^ A + b+( D o ~ D^ 

(4.296) 


—i 


( t j — 1 \ dW —A j-A^dW 

Y^+ - ^-)-=r - Y(nK - h -)-ix 

i d(f) A 8£ 


i 


/ ,/ j x dW X - ''/ ,A vA\ 9W 

EM+ - ^-) qIT + Y(a+ - b ~) 

I ^ A 


dcj) 1 ' ~ ’ d^ A 

In order to show a simple solution, we assume that 


77 A-|- — A_ = 0, rj\ + — A_ = 0. 


Then the conditions ( |4.29|) are reduced by (|4.19| ) to 


Y [(V>+ + V^Ado^ ~ (V’i - vA-AA 1 ~ Y [( 6 + + 6b-)do( J 




/ dcj> a 


a t a. dW 

+ ~ b -)-=A 


dH 


Y [A+ + ~ (V>+ - V^P-AiA ~ Y [( & + + A-)doA 


YWl-^^rr + YW- 

I ^ A 


A -b A 


dW 

'dtA 


ib A - A-)diY 


(4.30a) 

(El - rib-)9^ A 

(4.30 b) 


We can choose the boundary condition, A+ + = 0 or i/j(_ — r]i[)L — 0, in the bosonic 

part. When + rpA = 0, the conditions for 0 and W are led to 


diA 



0 , 


dW 

dcj) 1 


dW 

8 (f) 1 


(4.31) 
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These are interpreted as Neumann boundary condition. On the other hand, if 0+ — ijipl — 
0 , we then obtain on the boundary <9E, 


—i 


d 0 4> = d 0 4> = 0 , 


(4.32) 


and this corresponds to Dirichlet boundary condition. In the same way, we can consider 
the fermionic part of (|4.30|) . When we impose b A + 7 jb A — 0, the boundary condition 
becomes 


—A 


d^ A = d^ = 0 , 


dW dW n , AnnS 

a - —=A - (4.33) 


a? 

and these correspond to Neumann boundary condition. When b A — r]b A — 0, we obtain 
the Dirichlet boundary condition; 


-/ 


dot = dot = 0 . 


(4.34) 


As mentioned above, we can impose Dirichlet or Neumann boundary condition on 
each bosonic and fermionic coordinate. Since both of the real and the imaginary parts 
of (f) and t must satisfy the same condition from (|4.32|) and (4.34), there exists a B- 


brane which should be a D-brane wrapping on the complex submanifold in the target 
super manifold. In other words, by imposing the Dirichlet condition on appropriate bosonic 
and fermionic coordinates, we can obtain fermionic B-branes and super-B-branes as well as 
the bosonic B-branes on the subsupermanifold. This subsupermanifold might be regarded 
as a supersymmetric cycle in the supermanifold. 

We can also write down a general condition for the B-type boundary. We introduce 
Grassmann even matrices, M and N. and Grassmann odd matrices, F and G. The B-type 
boundary condition is reduced to 

rrdi = M Vi + F T B b J, r,b A = G A j^ j + + N A B b f, 


do[t>j(S J I + M* J I )+tAG* A I }= 0, 
di[(j)j(S J i — M* J i) — tAG* A i] = 0, 

8 W T ~ 7 8 W ~ A 

-(5 j i -M j i ) + ^ i G a i = 0, 


d4> J 


dt J 


do[t B (S B A + N* b a ) - (friF* 1 a] - 0, 
di[t B (S B A ~ N * b a ) + faF* 1 A ] - 0, 

dW nB ^ dW FI n 

(d a~G a) ~ -77—A — 0. 


(4.35) 


ae 


B 


dcj) 1 


When M — N — — 1, the Neumann boundary conditions (|4.31|) and ( |4.33| ) are reproduced. 
On the other hand, the Dirichlet boundary conditions (|4.32|) and ( |4.34| ) are reproduced 
when M = N — 1 . The general B-type boundary condition (|4.35|) implies the existence of 
the D-branes embedded transversally in the supernranifold. 
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Finally we make a comment on the role of the theta parameter in the B-type case. 
By the use of ( |4.21|) , the field strength vqi — doV\ — d\V$ is written as 


vm = E Ql(DU - Bf <t> B 0 V) + - £ q A (Dfe B?£ A - DDgg 

I A 


+ (d 0 - di) 
- (do + dx) 


1 


—i 


—[Y J Qrt+^ I ++Y. ( i Ab + b 


k(Y 1 Q Ab - b - 


Here we introduced a new vector potential vf and its covariant derivatives given by 


2 VqK ( 0 ,0 = iQi {(t> docf) 1 - (j) 1 d 0 ^ iqA (t, A d 0 £ A + £ A d 0 ^, 

I A 

2vf K((j),£) = ^iQj(ydxtf - tfd-Ji) 1 ^ + ^iqA{i A dxi A + i A dxi A ^j, 

I A 

D?^ 1 = {di + Df £ a = (di + iq A vf)^ A . 


This field strength vq\ induces the theta-term Lq and boundary theta-term Lbdy.fi' 


S e 

L e 


d xLq I dx Lhdy,0i 

£ JdY, 

I 


2tt 


+1? E^oVfiV - d? CoSi A ) 

A 

p ( QrtW+ + QAh+hi) + -p (+ Y1 ^ 6 - 6 - 


jtA. 


J bAy,6 


6_ 

2tt 


K 


Then Lq is interpreted as an effect of an antisymmetric tensor field B. This field is 
combined with the Kahler form and complexifies the Kahler parameter of the nonlinear 
sigma model. The boundary term Lbdy,# is interpreted as a kind of (supersymmetric version 
of) A: fg^dx°Vo- When we take B-type boundary condition on d E, Lbd y ,6> is represented 
by a and a; Sddy,e = Id s dx° -^L(cr + a). That is consistent with the fact that the vector 
potential V is reduced to V — 269(vq + ^=(cr + a)) on the boundary. 

Next we shall study the effect of the theta parameter in the context of gauged linear 
sigma model. For simplicity, we put the potential W = 0. The bulk action changes under 
the supersymmetric transformation. But the resulting boundary terms in the B-type can 
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be cancelled by adding boundary action S^dy = f dE dx <) L })(ly to the bulk action S^uik- We 
introduce total action Stot by combining Sbuik and S'bdy 



Stot — / d ^--^bulk T I dx L\) dy 5 


/, 


L 


Then S'tot is invariant under the supersymmetric transformations &S to t — 0. The theta 


parameter appears in T and T and the associated term — dx°(Ta — To 7 ) is rewritten 

as 



This boundary term reflects the effect of the theta parameter 6. That is consistent with 
the above consideration. 

5. Some extensions 

In this section, we discuss two extensions of previous models on supermanifolds. The 
one is the non-abelian extension of the gauge group and the other is the (0, 2) supersym¬ 
metric model. 

5.1. the model with non-abelian gauge symmetry 

We consider an J\f — 2 supersymmetric non-abelian gauge theory in two dimensions. 
The supersymmetry is generated by supercharges Q± and Q_ defined by (|27^) . In order to 
construct the non-abelian gauge theory, we introduce a vector superfield V which consists 
of gauge multiplets. It is a Lie algebra valued superfield and can be expressed by component 
fields in Wess-Zumino gauge in the same fashion of ( |2.7| ). Here the lowest components v t 
(i = 0, 1) are vector potentials of non-abelian gauge field and its field strength is defined as 
t>oi = doV\ — d\Vo + i[v o, wi]. Using this vector superfield and the super derivatives (|2.1|), 
we can define covariant derivatives T>± and T>± as 


V± = e~ v D±e +v , V±=e +v D ±e - v . 


26 



D_ and T> + are described concretely in component expansion as 

®- = Jr^ra. + V-, ®+ = -J- + *0 + S + + V + , 

V_ = - v / 2d + a + 2 z6>+<TA_ + 2i9+9 + X + - 2z0“d + A_ 

— 9 + 9 6 + ^2D — id-V + +-\v-,v + \ — [a,a]^J 

- iV20~O~e + (D o - £>i)<7 - 29 + 9~9~9 + ((D 0 - T>i)A+ + zV^cr, A_]), 

V+ - -0 + u + + V20 _ a - 2z# + 6T A+ - 2zd + d“A+ - 2i9~9~ A_ 

+ 9 + 9~9 (^—2D — id+V- + -[v+, n_] — [a, o 7 ]^ 

+ iV29+9~9 + (D 0 + Di)a - 29 + 9~9~9 + ((D 0 + D x ) A_ + iV2[<r, A+j), 

where d± = do ± <9i and = no ± V\. Dj (j = 0, 1) is an ordinary gauge covariant 
derivative. Then the gauge invariant held strength E is constructed by P_ and T> + , so 
that in component expansion 


E = 


2\[2 




= a + iV29+\+- i\/29 A _ + V20 + 9 (D - iv 01 ) 

+ i9~9~ (Do — D x )a — i9+9 + (D 0 + D x )a - V29+9~9~ ((D 0 - D i)A+ + iV2[a, A_]) 
+ \/~29+9 9 (^(Do T Pi)A— T z\/2[cp A_)_]^ 

9 + 9~9 9 + {D m D m a + [a, [a, a 7 ]] + i[d m v m , a]). 


It is a twisted chiral superfield and the Lagrangian for this gauge multiplet is denoted by 


^gauge = ~ Jd 4 9 TrEE 

= ^Tr^-A^V- ^[a,a] 2 + ^(D 2 + v 2 01 ) 

+ ^(A+P_A + - D_ A+ • A+ + A_P+A_ - D + A_ • A_) 

Zj 

+ V2[a, A_]A + — v / 2A+ [cr, A_]^j. 


(5.1) 


One more possible term is the FI term 
it 


Ld,6 = 


2\[2 


d9+cl9 TrE 


0 


e-=e + =o 


it 

2\f2 


d9~ cW + Ti'T l 


e+=e =o 


= Tr( -rD + —v 0 i 

271 


(5.2) 
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Here we pick up the trace part of £ in constructing Ljj q and consider only diagonal 17(1) 
part in L^ q. This term is gauge invariant and characterised by the theta parameter 0 and 
the FI parameter r of this diagonal 17(1). 

The supersymmetric transformations for the vector superfield are represented in com¬ 
ponent fields 


5a — —iV2(e-\+ -f-e+A_), da — —iV 2(e_|_A_ +e_A+), 

5(v o - vi) = 2z(e_A_ + e_A_), 5(v 0 + fi) = 2i(e + A + + e+A+), 

5D — e_|_((T>o ~ )A+ + iy/2[a, A—]) + e_ ((Do T Di)X— + iy/2[a, A_|_]) 

— ^+((A) — 7Ai)A_|_ + i\/2[a, A_]) — e_((-D 0 + D\)X- + iV2[a, A+]), 
5X + = ie + (D + iv 0 i + [a, a]) + V2e-(D 0 + D^W, 

5X- = ie-(D - ivoi - [a, a]) + V2e + (D 0 - Di)a, 

5X + = -ie + (D - iv 0 i + [■ a, a ]) + V2e-(D 0 + Hi)a, 

5X- = -H-(D + iv oi - [a, a}) + V2e+(D 0 - D{)a. 


Next we consider matter parts of this theory. We here use the bosonic chiral and 
anti-chiral superfields ( |2.3|) and (|2.4|) , and their fermionic counter parts (|2.5|) and ( |2.6| ). 
The kinetic terms for these chiral superfields are evaluated as 


T b - 

^kin — 


cPecPe^®' e 2 '’ <b'‘ 


£ 


i L 


— (Dj(j) 1 ) (D^cj) 1 ) + F 1 F 1 - 


+ l ~ (ip+D-ipl - (H_V’+)V’i) + \ - (D+ip^L) ^ ^ 


-(- iV^4> (A+^>£. — ^-V , +) — fV / 2( , 0_A+ — ip + X-)(f) 


1 /2(V , - cr V’+ + V , - (7 V’-) 


for the bosonic chiral superfields. In the same way, we obtain the kinetic term of the 
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fermionic chiral superfields, 


r J — 
^kin ~ 


d 2 dd 2 eJ 2 E 


^ A e 2 V^A 


E 


-(O j d)(D i i A ) + x A x A -( A W,m A +( A D( A 


+ \(b+D-b A - (D-b A )K) + ^(P-D+b A - (D+b A )b A ) 

+ iV2^ A (X+b A - A -b A ) - is/2(b A \+-b A \-)£ A 
— 'j2(b A ab+ + b A <fb A ] 


(5.4) 


With the terms described in ( [ATI) . (|5.2|) , (|5.3|) and (|5.4|) , we can construct the action of 
this theory 

L — L„ 


gauge 


+ L D £ + Lt n + lL 


kin * 


It has Af = 2 supersymmetry generated by ( |2.2| ) . 

Now let us consider a concrete example of this lion-abelian model. We set that the 
gauge group G — U(N ) and take the bosonic chiral superfields and the fermionic chiral 
superfields E Ak (k = 1, 2, ■ • -, N; I — 1, 2, ■ • •, m\ A = 1, 2, • ■ •, n). Here the index k labels 
the N dimensional representation of G. Also the global symmetry labelled by indices I 
and A commute with the action of G. The potential of this model is determined by Ljj, 


L v = ^Tr D 2 - rTrD + ^ / D^ 1 + ^ £ A D£ A 


i 

. —i 


——2 Tr[cr, a} 2 {a, ajcj) 1 - ^ f 4 {a, a}£ A . 


2e 2 


By eliminating the D-field, the potential U can be read 


u = tE E : 


ji 




-Al 


rdi 


E^^+Ett 


Ak 


rS, 


L i 


k,l =1 L / A 

+ ^Tr[a,a ] 2 + {a, ajcj) 1 + a}^ A . 


(5.5) 


The space of classical vacua is determined by a vanishing locus of U up to gauge transfor¬ 
mation. The action of G can be regarded as the transformation of the direct product Y of 
N C r "'l n 's. The first term in the potential ( |5.5| ) is the square of the moment map for the 
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action of U(N ) on Y. From the constraint U — 0, a must vanish to describe the classical 
vacua and (j) Ik and f Ak must satisfy constraints 

-\ D \ = Y^^ + Y(Z A )^ A y - rS * = °> k,l = l,2,---,N. (5.6) 

e I A 

It means that the vectors in C m l n represented by the rows (cj) Ik ,f Ak ) ( k — 1,2,---,iV) 
divided by y/r are orthonormal. That is to say, the space of classical vacua is the gauge 
invariant subspace of Y characterised by above orthonormal vectors. When we restrict 
ourselves to the bosonic sector by putting f Ak — 0, this subspace (classical vacua) turns 
out to be the Grassmannian Gr(iV, m). 


5.2. quantum property of the non-abelian model 

The classical vacua are determined by the D-flatness condition ( |5.6|) for r 0. It 
requires that the fields if 1 and f A have vacuum expectation values. We discuss the quantum 
correction for D-field at the one-loop level. From the quantum effects, the operator 0\ = 
4* 1 k4> 11 + k£ Al can have an expectation value. If it is equal to rSk 1 , D l k can 

vanish even though (j) 1 and f A do not have any expectation values. In such a case, one 
could obtain vacua from U — 0. We shall study this situation here. 

We shall evaluate the expectation values of D\ by performing the loop calculation 
about d 1 and f A . In free field approximation, the mass terms for 0 1 and f A are written as 

+ Y °}^ A - 

I A 


In terms of this approximation for <f> and £, we can evaluate the expectation value of O 
with a cut-off parameter /i, 


(^l-loop 



d 2 k 1 
(27r) 2 k 2 + {cr, a} 



d 2 k 1 
(27r) 2 k 2 + {a, a} 


1 ( 

- (m 

4tt ^ 


n) log 


2/u 2 


If m — n is equal to zero, the quantum effect vanishes at least in this approximation. For 
m — n ^ 0, we have to analyse the D-flatness condition expressed as 


1 

47T 


(m 


n ) log 


2p 2 ) 


— r — 0, 


30 






or equivalently 


{a, a} = 2/i 2 exp 


Anr 


m — n 


(5.7) 


In order to discuss vacua, we have to consider another condition Tr[a, cr] 2 = 0 from the 
potential U = 0. Here we may put [cr, a] = 0 to describe the vacua and rewrite (|5.7|) as 


acr — /j 2 exp 


/ —Anr \ 
\m — n J 


It means that a — aofiexp(—2nr/(m — n)) with a unitary matrix ao- This expectation 
value of a gives a positive mass squared to the (j) 1 and £ A and these fields have zero 
expectation values. 


5.3. (0,2) model 

In this subsection, we consider (0, 2) supersymmetric model with abelian gauge sym¬ 
metry in two dimensions. The supersymmetry is generated by two supercharges Q + , Q + 
in the right-moving sector. They commute with super derivatives D + , D + and associated 
fermionic coordinates in a world-sheet superspace are given by 9 + and 0 . In order to 
formulate a gauge theory, we introduce gauge fields Vi (i — 0,1). It is described by a 
superfield T which can be written in the Wess-Zumino gauge as T = T = 69{v o + ui). 
With this T. gauge covariant derivatives are denoted by 

V + = e-*D + e+* = iO + (D 0 + Di), 

V+ = e + *D + e~* = + i9+{D 0 + Dj, 

89 

8 0 - d x + i(v 0 - ui) + 29+ A_ + 29 + A_ + 2 i9 + 9 + D. 

The gauge invariant field strength T is defined as 

T = [P + ,T> 0 -T>i] = -2A_ + 2i9+(D -iv 01 ) + 2i9 + 9 + d + \_, 


and the kinetic term of this gauge multiplet is 

Tgauge = f d9+d6 + rr = ^(^D 2 + ^V 2 01 +i\-(d 0 + d 1 )\-y 
One more possible term of abelian gauge theory is the FI term, 


[ d9+T 

+ - A [ d9 + T 

1 

e + =o 4 J 


e+=o 


= ~rD + —vqi, 

271 


(5.8) 


(5.9) 
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with the FI parameter t = ir + 9/ (27r). 

We also introduce matter multiplets. Bosonic chiral supcrfield and its conjugate 
( 1> 1 are defined in component expansion as 

+ V29 + ^ + - i6 + 6 + (D 0 + DM 1 , 

= / - s/29 + J + + i9 + 6 + (D 0 + DM 1 . 

In our case there are fermionic chiral and anti-chiral superfields, 

S A = £ A + V29+b A - i6 + 6 + (D 0 + DM a , 

E A =C A + V29 + b A + i6+9 + {D 0 + DM A . 

The kinetic term L^ n of these fields is defined as 

-^kin = -t'kin + -t'kin’ (5.10) 

©kin = \ ( de+s + J2 *'<Po - ©i)^ 

J I 

= (Do - + QiD^cj) 1 

i 

- i\f2Qi^ + iV2Qi'ip I + \-4 >I , 

4» = 5 /=V 0 - ©os - 4 

= XX [--DjW 3 ?- 4 +<(©o - r>i)fcf + <mb?V 

A 

- iV2q A C A \-b A + iV2q A b A \-C A ■ 

We take other types of matter multiplet A_ a and A_g, where A_ a ’s are fermionic super¬ 
fields and A_a’s are bosonic ones. They are expanded in terms of d + and 6 + , 

A_ a = A_ a - V20 + G a - ^+d + (D 0 + £>i)A_ a - V26 + E a ($, S), 

A_ a = A_ a - V29 + G~ a - i6 + 6 + (D 0 + £>i)A_ a - v / 2d + F 5 ($, S), 

_ n 771 flrp 

£„(#,-) = (B„ + Di)E a , 

_ it 77 Qr 

= -EiW.f) + ^2« + XX Ag-f + ^XXAgJX - »«+« (Bo + BOfii, 
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where E a {$>. H) and Ea(Q, H) are superfields. The kinetic term of these fields is defined as 

= —iA_ a (T)o + Di)X- a — —i((Do + Di)X- a )X- a + G a G a — E a E a 

+ -iX-a(Do + Di)X-a — —i((Do + Di)X-a)X-a + GaGa ~ E^Ea 


E 

i 

E 


— , T 8E a 8E a —I Y T dEa BE a —I ~ 

A-aVd — T + — -r^.X-a + A -a'l/li—y + —y^+A-a 


dcj) 1 8<j> 


dcf) 1 dcf) 


A L 


, u A dE a , 8E a -A Y uA dE ~a , dE a T A \ 

A_„6_l „r „ + n ^ A b + X^ a + A_„o_|_ — A + — A b_i_X-- c 


+ r)£A 


d^ A 8i 


+ A 


d£ A 8£ 


A +' 


(5.11) 


Next we introduce superfields J a ($,S) and J a (<f>,S) with relations, 


E a J a + E- a J a = 0, V + J a = 0, V + J a = 0. 


(5.12) 


J a, s are bosonic fields and J a, s are fermionic ones. Since the superfields A_ a and A_„ 
satisfy the relations, 

V + A_ a = V2E a ($, S), P+A_a = y/2E & (§, H), 
which lead to V + (A_ a J a + A_„J“) = 0, we can construct another term Lj, 


Lj — -y= J dd + (A- a J a + A-aJ h ) 


<9 + =0 


1 r _+ _ a _ -^a— 

+ —J d6 (J A_ a + J A _a) 


6>+=o 


= E 

i L 

+E 




8J a 

dcj) 1 


8J a 8J a - 




8J~ a 


dcj) 1 ' dcj) 1 A a ^’ + + dcj) 1 A 


dJ a iA x dJ~ a 
-b + X- a — a + b+X- 


8£ 


A ^ u +' 


d£ A d£ 


8 J a - -a 8 J a Y r A 

A -“ & + + Q^A X ~ db + 


(5.13) 


- G n J a J Gn Ga J a - j Ga. 


Here we assume E a . E (l , J a and J a are holomorphic functions of ( I> r and £ A . By collecting 
the terms written in ( |5.8|) , ( |5.9|) , ( |5.10|) , ( |5 .11 1 ) and ( |5.13|) , we obtain the total Lagrangian 
of this model, 

L = T g auge + Akin + L\ + Ld^q + Lj. 


33 











































We now investigate the reduction of (2, 2) multiplets into (0, 2) multiplets. Firstly the 
gauge multiplet E of (2, 2) model is reduced to £' by putting 6~ — 6 =0, 


E' = El 


6-=e =o' 


Next the (2, 2) chiral superfields and E A are respectively reduced to (0, 2) multiplets 
$'j and Z' A , 

$' r — $U __ s' =S A | 

1 \ e-=e =o’ A \e-=e =o‘ 

By using these fields, we can introduce A_j and A_/i as 


A_/ = —=V_^ 

V2 


■—'A 


5 A_^ 

<9-=e =0 


6~=8 =0 


Then we have the relations, 

P+A_7 = E 7 = v / 2Q7S / $7, 

T> + A-a — V%E A , E a — V2q A T,'E! A . 


(5.14) 


(5.15) 


In order to compare this (0, 2) model to (2, 2) case, we take a (2, 2) model with a super¬ 
potential W($,S) which is the function of the chiral superfields and S" 4 . The chiral 
superfields dU and S" 4 are respectively reduced into ($' 7 , A_ 7 ) and (H^, A_^) in the (0, 2) 
model. They satisfy the relations ( |5.14| ) and ( |5.15| ). The interaction terms in the (2,2) 
model are determined by the superpotential W. In the (0, 2) model, one must specify 
functions J 1 and J A obeying 

EtJ 1 + E a J a = 0. (5.16) 


Comparing superpotential terms Lw with Lj in the (0, 2) model, we can read the corre¬ 
spondence, 


(A -a,J A ,G a ) <-> 


Under this situation, the relation (|5.16|) is equivalent to quasi-homogeneous condition, 


Eq/^ 


dW 

dcf) 1 


+ A 
A 


dW 


o. 


It means that W(X ( ^ I (j> 1 , X qa ^ a ) — W(cj ) 1 , £ A ) (VA G C x ) for the superpotential IU($ / , E A ). 
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Next we write down the potential terms of this model containing auxiliary fields D , 
Gj and G A , 

Lu = 2^ 2 “ rD + E + E <1aDI A £, A 

e I A 

+ J2(GiG t - EjEr - GjJ 1 - J%) + y(c A G A - E A E A - G A J A - J A ~G A ). 

A A 


After eliminating these auxiliary fields I). Gi and G A . the potential term is expressed as 
u= e - (j^Q^cj) 1 + E -A + EjE: + E A E A + J 1 ! 1 + J a 1 A . 

' 7 A ' 

If we put J 1 = dW/dcf) 1 and J A = dW/d^ A into the above formula, the potential U can 
be written as ( |3.3|) . One can evaluate the classical vacua by analysing this potential U. 

Now let us return to the (0, 2) model and study the spin 1/2 part. The scalar part (spin 
0 part) of the (0, 2) model is dominated at the low energy by the condition U — 0, which 
determines the structure of vacua. In addition, there are spin 1/2 fields in supersymmetric 
model and massless fields play an important role in the dynamics of the low energy physics. 
We shall concentrate on the massless fields in this model. 

The mass terms of fields with spin 1/2 at the low energy are induced by the Yukawa 
couplings. The related parts in the Lagrangian are described by E a . Eg,, J a and J a , 


L — — 


V2i\- (E Qrt- 


'W 


/ dE a 


+ o 7 




H: 


dcj) 1 

dE a 


- E 

A 

dEg\ 
dcj) 1 


-rA 


’U 1 


dEg 


+ V2i( E Qi4>. 

^ i 

( dJ' 


A-c 

A—; 


+ (^+ 


b A ) 


+ ( A - a A -g ) 


V 



di A ) 

dE a 

dE a \ 

dcj) 1 

d£ A 

dEg 

dEg 

dcj) 1 

di A J 


dcp 1 

dJ a 

\W 


A ' 

dJ' a \ 

( A_, 


A_ 


dcj) 1 
dJ' a 

W J 


X-< 



+(A_ a X-g ) 


dJ a 

dJ a 

dcj) 1 

di A 

dJ' a 

dJ~ a 

dcj) 1 

di A 



Here E a and J" are Grassmann even, while Eg and J a are Grassmann odd. They satisfy 
the relation E a J a + EgJ a — 0 in ( |5.12|) . From this formula, the massless right-moving 
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fields 'Up and b A are determined by 

E Qi^+Y - Y = °> E Qrt+tf - Y rK^ A = °> 


, i dE a ■ s —^ 7 ^ dE, 

E’Ktut + E 6 


+ dtp 1 

I ' A 


A* _ 

+ d^ A 


o, x>. 


4* 

d(f) 1 


A 


+Edff = o, 


aj a ^, A dJ a 


E^^7 + E 4 h 




\ -' i dJ** v-' 

°’ E^^T + E i '+aj3 = a 

I T A ^ 


The first two conditions are interpreted as a gauge-fixing condition of liolomorphic equiv¬ 
alence and they define a kind of tangent bundle of WCP 77!_1 ^ n with Y2i Qi<$> fy 1 + 
P2 A Qa£ = f. The other conditions mean restriction of the bundle to the hypersurfaces 
E a — J a — 0 and E^ — J a — 0, and the right-moving massless fields take their values in 
this bundle. 

Next let us see the left-moving fields A_ a and A_„. Massless conditions of these 
left-movers are expressed by 


E a - 


dEg 

dp 1 


\ dEa 

^ a W 


o, 


dE a 

di A 


Y x - 


dE h 

di J 


= 0, 


s~^dJ a ^ <9J“ ~ _ n X^ dJa x dJ d \ 

^ W x ~ a + ^ W x ~~ a ~ °’ ^ W x ~ a + ^ W x ~~ a ~ °‘ 

a a a a 

For simplicity, we consider the example in which a neutral chiral superfield E is introduced 
and the superfields E a and Ea are decomposed as 

E a = USatf Ea = E5 a (0 J ,£ A ). 


Then the first relation in ( |5.12|) is led to 

S a J a + ~S- a J h = 0. 


If vacuum expectation value of E vanishes, we do not have to impose the constraints S a — 0 
and Sa — 0 on the fields p 1 and £ A . In such a case, the right-moving massless fields 
and 6^ are characterised by J a — J a — 0 and JPj Qi\4> J | 2 + ( 1aY^, A = t. On the other 

hand, the massless conditions for the left-movers A_ a and A_g are rewritten as 


E A-a'S'a — E X ~a^a = 0, 


^ dj a x v-^ dr , 

E ~^AJ X - a + E ^T7 A -o - °> 


dcf) 1 

cEP 

dtp 


^ <9J“ v- dJ' a . 

E pit a x -° + E - ^ - x ~" - °- 


dcf) 1 

d^A X ~ a 


(5.17a) 
(5.176) 
(5.17c) 
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The constraint (|5.17o|) means a gauge fixing condition for the equivalence (A_ a , A_a) ~ 
(A_ a , A_a) + A (S a , Sa) (A; Grassmann odd). It is expressed by the mapping / : A h 
A (S a , Sa)- The other conditions are interpreted as kernel of the mapping g for (A_ a , A_„), 


9 '■ (A — a , A — a) 


dJ a sr^dJ a ^ dJ~ a ~ A 

W a+ ^ W x ~" ^ W x ~ a + ^ W a ) ' 

x a a a a 7 


Then the massless fields in the left-movers are described by (|5.176, r| ) up to the gauge 
equivalence, in other words, those massless fields are represented by kernel of g up to 
image of /. 


6. Conclusions 

We have studied the gauged linear sigma model on the supermanifold in which the 
fermionic chiral multiplets are introduced for the Grassmann odd coordinates on the target 
supermanifold. 

Firstly, for a simple example, we have constructed the J\f — (2, 2) supersymmetric 
U( 1) gauged linear sigma model and investigated its vacuum structure. On one vacuum, 
the target space is reduced to the hypersurface in the super weighted projective space 
WCP?A n. Onanothervacumn,thetheorybecomesthebosonicLandau- 

Ginzburg orbifold, which is the same as the Landau-Ginzburg orbifold derived from an 
ordinary bosonic CP model. On the other vacuum, the fermionic Landau-Ginzburg orbifold 
appears and it is the new interesting feature on account of considering the supermanifold. 
As we have seen so far, there might be the transition between the bosonic and the fermionic 
manifolds. 

In order to study the quantum property of vacua, we have calculated one-loop correc¬ 
tion to the expectation value of the D-field. By this analysis, information on renormaliza¬ 
tion property of the FI parameter r can be evaluated. We obtained the condition for the 
one-loop divergence of this D-field to vanish. The result is consistent with the Ricci flatness 
condition of the supernranifold. If this condition is not satisfied, then the FI parameter r 
runs according to the scale parameter // and the theory depends on the / /. 

Next we have calculated the supersymmetric transformation of the Lagrangian and 
have considered two types of supersymmetric boundary conditions. The A-type boundary 
condition is realised as the brane with a half of the bosonic and the fermionic dimensions of 
the target supernranifold. It is the analogue of an A-brane on the Lagrangian submanifold 
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in the ordinary Calabi-Yau manifold. On the other hand, we have shown that the B-type 
boundary condition corresponds to the subsupermanifold whose bosonic and fermionic 
parts have real even dimensions. That should be the analogue of a B-brane wrapped on 
a holomorphic cycle in a purely bosonic manifold. Though Lagrangian submanifolds and 
holomorphic cycles in supermanifolds might be not understood so clearly, we have been 
able to obtain the D-branes wrapped on the supermanifold from the above consideration. 

In section 5, we have constructed the non-abelian gauged linear sigma model as an 
extension of the abelian case. In order to study the structure of vacua, we wrote down 
the potential term of the scalar fields and analysed the D-flatness condition. The D- 
field corresponds to the moment map associated with the gauge symmetry group, and the 
structure of vacua is determined by the vanishing locus of this field. For example, if we 
take the model with U(m) flavour symmetry and put all the fermionic coordinates to equal 
zero, the corresponding classical vacuum becomes the well-known Grassmannian manifold. 
In order to analyse the quantum property of vacua, we performed one-loop calculation of 
the D-field in terms of the free field approximation. The resulting theory generally has 
mass gap. But some condition is met, there could be scale invariant theory at least in this 
approximation. 

For the purpose of construction of another supersymmetric model, we also have built- 
the (0, 2) supersymmetric model. The reduction of the (2, 2) supersymmetric model has 
been expressed as an concrete example of this (0, 2) model. We also have discussed the 
massless fields in this model and expected that they play important roles in the low energy 
physics. 
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Appendix A. The boundary terms of supersymmetric transformations 

The boundary terms with the auxiliary fields by the supersymmetric transformation 
are calculated in terms of ([Op, ( |4.3|) , ( |4 . 4j) , ( fi~5D and (|4.6|) , and are described as follows: 


SL — — f dx°(e+£ + - e_£~ - e+£ + + e_£ ), 

JdT, 


where £ + and £ are given by 
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and £ 1 and £ are hermitian conjugates of £ + and £ respectively. 
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